
HEGY Tests in the Presence of Moving Averages�

TOMÁS DEL BARRIO CASTROy and DENISE R. OSBORNyy
y Department of Applied Economics, University of the Balearic Islands,

Palma de Mallorca, 07013, Spain (email: tomas.barrio@uib.es)
yy Economics, School of Social Sciences, University of Manchester, Manchester,

M13 9PL, UK (email: denise.osborn@manchester.ac.uk)

July 2, 2010

Abstract

We analyze the asymptotic distributions associated with the seasonal unit root tests of the Hylle-
berg et al. (1990) procedure for quarterly data when the innovations follow a moving average process.
Although both the t- and F -type tests su¤er from scale and shift e¤ects compared with the presumed
null distributions when a �xed order of autoregressive augmentation is applied, these e¤ects disap-
pear when the order of augmentation is su¢ ciently large. However, as found by Burridge and Taylor
(2001) for the autoregressive case, individual t-ratio tests at the the semi-annual frequency are not
pivotal even with high orders of augmentation, although the corresponding joint F -type statistic
is pivotal. Monte Carlo simulations verify the importance of the order of augmentation for �nite
samples generated by seasonally integrated moving average processes.
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1 Introduction

The predominant approach to testing for unit roots in the context of seasonal time series is that of

Hylleberg, Engle, Granger and Yoo [HEGY] (1990), who develop the approach of Dickey and Fuller

(1979) in this context. More speci�cally, HEGY provide tests for unit roots at the zero and each seasonal

frequency, within the overall null hypothesis that seasonal (or annual) di¤erencing is required to induce

stationarity in a quarterly time series. In common with Dickey and Fuller (1979), HEGY assume that

the process has an autoregressive (AR) form, and hence AR augmentation is used to account for serial

correlation. However, Burridge and Taylor (2001) show that even with appropriate augmentation, AR

innovations cause the HEGY t-ratio statistics associated with the complex conjugate unit roots at the

semi-annual frequency �=2 to depend on nuisance parameters. Nevertheless, the distributions of the

t-ratio tests associated with frequencies zero and �, together with the joint F -type test associated with

frequency �=2, remain pivotal in this situation.

One implication of the analysis of Burridge and Taylor (2001) is that the consequences of serial

correlation need to be considered carefully when applying HEGY seasonal unit root tests, since results that

apply for the (zero frequency) Dickey-Fuller test do not necessarily carry over to the seasonal frequencies.

While sometimes recognising that serial correlation is not necessarily of an AR form, researchers applying

HEGY tests simply assume that any moving average (MA) component can be approximated through AR

augmentation of a su¢ ciently high order, implying that the results of Said and Dickey (1984) carry over to

this case. Indeed, such empirical analyses typically employ some data-dependent technique for specifying

the appropriate AR lag order. To our knowledge, no theoretical analysis underpins the conditions under

which this approach will deliver the assumed asymptotic distributions of the seasonal unit root tests in

the presence of MA autocorrelation.

In the conventional (zero frequency) unit root context, the Monte Carlo studies of Schwert (1989) and

Agiakloglou and Newbold (1992) �nd that the Augmented Dickey-Fuller (ADF) test can su¤er from large

size distortions when the true innovations are of an MA form. In this light, Galbraith and Zinde-Walsh

(1999) obtain the asymptotic distribution of the ADF t-ratio test, showing that an AR augmentation of

order p = O (� lnT ), with � > 0 and T being the sample size, is required for negligible asymptotic size

distortions to exist in the presence of MA innovations.
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Although there has been little analysis of the impact of MA disturbances on HEGY tests, the Monte

Carlo study of Rodrigues and Osborn (1999) �nds that substantial size distortions can occur in the

presence of a simple seasonal MA, with the extent of distortion depending on the MA coe¢ cient and the

augmentation order. The present paper provides the theoretical rationale for these results, by analyzing

the asymptotic distributions of the HEGY seasonal unit root in the presence of MA disturbances. In

particular, and analogously with the (nonseasonal) results of Galbraith and Zinde-Walsh (1999), the

required number of lags p of the seasonal di¤erence of the time series required to ensure convergence to

the presumed asymptotic distribution is such that p = O (� lnN) with � > 0 where N is the number of

years and (in the quarterly case) the total sample size is 4N . We also show that the non-pivotal nature of

the distributions of the t-ratio statistics uncovered by Burridge and Taylor (2001) at the annual frequency

for an autoregressive process continue to apply in the MA case, with the F -type statistic being pivotal

(with su¢ cient augmentation).

To be speci�c, we obtain the asymptotic distributions of the HEGY seasonal unit root tests in the

presence of MA innovations for a given order of AR augmentation p and also as the order of augmentations

grows. The analysis here follows similar lines to del Barrio Castro and Osborn (2008), although the focus

of interest in that study is the distribution of the HEGY test statistics when the true process is of a

periodic integrated form. The organisation of the present paper is as follows. The next section presents

the preliminaries needed for the subsequent analysis, after which (in Section 3) we present our principal

results. A Monte Carlo study of the distribution of the HEGY statistics in the presence of MA innovations

follows in Section 4, with Section 5 concluding. An Appendix provides the proof of the analytical results

of Section 3.

2 Preliminaries

Consider the following quarterly univariate seasonally integrated (SI) process with MA disturbances:

xs� = xs;��1 + us� ; s = 1; 2; 3; 4; � = 1; 2; � � � ; N (1)

with us� = � (L) �s� ; � (L) = (1 + �1L+ � � �+ �qLq)
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where for observation xs� the �rst subscript refers to the season (s) and the second subscript to the

year (�). When s = 1, it is understood that xs�1;� = x4;��1. For ease of presentation, we assume that

observations are available for precisely N years, with total sample size therefore T = 4N , and starting

values xs� = 0 (s = 1; 2; 3; 4). Clearly, the seasonal random walk is rendered stationary through the

use of the seasonal di¤erence operator �4 =
�
1� L4

�
(where L is the quarterly lag operator, so that

Lkxs� = xs�k;� and L4xs� = xs;��1). The error process in (1) follows an invertible MA(q) process, so

that the roots of � (z) = 1+
Pq

i=1 �iz
i all lie strictly outside the unit circle. Finally, the innovations f�s�g

form a martingale di¤erence sequence (MDS) with constant conditional variance �2; see Fuller (1996,

Theorem 5.3.3) for details.

As is well known, the MA(q) process us� in (1) has autocovariances


k = E[us�us�k;� ] =

8<: �2
Pq�k

i=0 �i�i+k; k = 0; 1; :::; q

0 k > q

(2)

in which it is understood that �0 = 1. However, if an AR(p), for given (arbitrary) order p, is speci�ed

in (1), instead of the true MA, then the vector of estimated AR coe¢ cients is asymptotically given by

��1
, where the p� p symmetric matrix � has (i; j)th element 
i�j and 
 = [
1; :::; 
p]:

The SI(1) process of (1) admits the so-called vector of quarters representation (see, for example, Tiao

and Grupe, 1980, Franses, 1994, or Burridge and Taylor, 2001)

�
1� L4

�
X� = U� (3)

where X� = [x1� ; x2� ; x3� ; x4� ]
0, U� = [u1� ; u2� ; u3� ; u4� ]

0. As in Burridge and Taylor (2001), it is

possible to write

U� =

QX
j=0

�jE� (4)

where E� = [�1� ; �2� ; �3� ; �4� ]0 and we de�ne the sequence of 4�4 matrices:

�0 =

2664
1 0 0 0
�1 1 0 0
�2 �1 1 0
�3 �2 �1 1

3775 ; �j =
2664

�4j �4j�1 �4j�2 �4j�3
�4j+1 �4j �4j�1 �4j�2
�4j+2 �4j+1 �4j �4j�1
�4j+3 �4j+2 �4j+1 �4j

3775 ; j = 1; 2; � � �
The vector MA order in (4) is Q = [(q � 1) =4] + 1 (see Tiao and Grupe, 1980), where [:] is the integer

part of the expression in brackets and, for later convenience, we de�ne �(1) �
PQ

j=0�j .

The lemma summarizes the stochastic characteristics of the process (1).
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Lemma 1 Consider X� for (3)/(4). Assuming that the elements of E� are independent and identically

distributed with zero mean and variance �2; then as N !1:

1p
N
X[rN ] ) B (r) ; r 2 [0; 1] (5)

B (r) = ��(1)W (r)

where [rN ] denotes the integer part of rN , B (r) is a 4�1 vector Brownian motion process with variance

matrix 
 = �2�(1)� (1)0, and W (r) is a 4�1 vector standard Brownian motion process with variance

matrix I4.

Here and throughout ) means convergence in distribution. This lemma can be proved along the

same lines as the proof of Lemma 1 in Boswijk and Franses (1996) and del Barrio Castro (2006).

The regression for the HEGY tests, with AR augmentation of order p and no deterministic terms,

takes the form

�4xs� =�0x
(0)
s� + �2x

(2)
s� + �3x

(3)
s� + �4x

(4)
s� +

pX
j=1

�j�4xs�j;� + es� ; (6)

s =1; 2; 3; 4; � = 1; 2; � � � ; N

The �rst four regressors of (6) are de�ned as

x(0)s� =L
�
1 + L+ L2 + L3

�
xs�

x(2)s� =� L
�
1� L+ L2 � L3

�
xs� (7)

x(3)s� =� L2
�
1� L2

�
xs�

x(4)s� =� L
�
1� L2

�
xs�

where x(0)s� , x
(2)
s� are associated with the presence of the factors (1� L) and (1 + L), respectively, of �4 =

(1� L) (1 + L)
�
1 + L2

�
, while

�
1 + L2

�
is associated with the pair of variables x(4)s� and x(3)s� = x

(4)
s�1;� .

The overall HEGY null hypothesis of seasonal integration, xs� � SI (1), implies the presence of unit roots

at the zero frequency (captured through �0) and at seasonal frequencies (captured through �2, �3 and

�4), so that �0 = �2 = �3 = �4 = 0. For later convenience, we also de�ne the autoregressive operator

�(L) = 1� �1L� :::� �pLp relating to (6).

As shown by HEGY, the regressors de�ned in (7) are, by construction, asymptotically orthogonal

under the SI(1) null hypothesis. Thus, the associated asymptotic distributions of the HEGY test statistics
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by considering the three factors (1� L), (1 + L) and
�
1 + L2

�
of �4 one by one. Based on an ordinary

least squares (OLS) estimation of this regression, t-ratio (t�i) tests are proposed to test the null of

H0 : �i = 0; i = 0; 2; 3; 4, and an F -type statistic, F34, is proposed to test the joint null H0 :

�3 = �4 = 0. Ghysels, Lee and Noh (1994) also propose F -type statistics to test the null hypotheses

H0 : �2 = �3 = �4 = 0 and H0 : �0 = �2 = �3 = �4 = 0, denoted F234 and F0234, respectively. For

further details of these tests and the asymptotic distributions for AR processes, see also Smith and Taylor

(1998), Burridge and Taylor (2001) and Osborn and Rodrigues (2002).

In the next section we present the distributions of these HEGY statistics when the underlying process

is (1) with nonzero MA component. Note, however, that es� in (6) in this case cannot be serially

uncorrelated. Indeed, under the true SI(1) null hypothesis, �4xs� = us� and hence, in the context of

(6), �(L)us� = es� . Consequently, from (1), it follows that es� = �(L)�(L)�s� = �(L)�s� and hence es�

is an MA(p+ q) process.

3 Asymptotics

The Proposition below presents the distributions of the t-type tests for �i = 0 (i = 0; 2; 3; 4) in (6)

for a general �xed order of AR augmentation p, when the true innovations to the SI(1) process are

MA(q). Here we use the two functionals A (i; j) =
R
wi (r) dwj (r) and D (i) =

R
[wi (r)]

2
dr in which

wi (r) i = 0; 2; 3; 4 are mutually independent standard Brownian motion processes, formed as linear

combinations of the component processes of W (r) in (5) of Lemma 1; see Burridge and Taylor (2001)

and their Appendix for details. In an analogous way to expressions in Burridge and Taylor (2001), we

further de�ne

a� =

[(p+1)=2]X
k=1

(�1)k+1 �2k�1 = �
i

2
(� (i)� � (�i)) (8)

b� = 1�
[p=2]X
k=1

(�1)k �2k =
1

2
(� (i) + � (�i)) (9)

where i �
p
�1 and [:] again indicates the integer part of the extression in brackets.

The following Proposition analyzes the e¤ect of increasing the order of AR augmentation (p) in the

HEGY regression, when the DGP has the form of (1). The proof of the Proposition can be found in the

Appendix.
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Proposition 1 Assume xs� follows (1) with xs0 = 0 (s = 1; 2; 3; 4). Then for the t-type statistics

resulting from OLS estimation of the HEGY regression (6) with given p:

(a) the asymptotic distributions of t�0 and t�2 are given by:

t�0 )
� (1)q
�(2)(1)

� A (0; 0)p
D (0)

+

Pq
k=0

Pq+p
l=1+k �k�l

� (1)

q
�(2)(1)D (0)

(10)

t�2 )
� (�1)q
�(2)(1)

� A (2; 2)p
D (2)

+

Pq
k=0

Pq+p
l=1+k (�1)

k+l
�k�l

� (�1)
q
�(2)(1)D (2)

; (11)

(b) the asymptotic distributions of t�3 and t�4 are given by:

t�3 ) b�
p
�(i)�(�i)q
�(2)(1)

� [A (3; 3) +A (4; 4)]p
D (3) +D (4)

� a�
p
�(i)�(�i)q
�(2)(1)

� [A (4; 3)�A (3; 4)]p
D (3) +D (4)

�
2
Pq

k=0

Pq+p
l=2+k �k�l cos [(l � (k � 2))�=2]q

� (i) � (�i)�(2)(1)
p
D (3) +D (4)

(12)

t�4 ) b�
p
�(i)�(�i)q
�(2)(1)

� [A (4; 3)�A (3; 4)]p
D (3) +D (4)

+
a�
p
�(i)�(�i)q
�(2)(1)

� [A (3; 3) +A (4; 4)]p
D (3) +D (4)

�
2
Pq

k=0

Pq+p
l=1+k �k�l sin [(l � k)�=2]q

� (i) � (�i)�(2)(1)
p
D (3) +D (4)

: (13)

In all cases, �(z) = 1 + �1z + ::: + �p+qz
p+q = �(z)�(z) in which �k (k = 1; :::; p) is the kth element of

��1
, where the p�p symmetric matrix � has (i; j)th element 
i�j and the p�1 vector 
 = [
1; :::; 
p]0;

with 
k (k = 1; :::; p) de�ned by (2), and �0 = 1, while �
(2)(z) = 1 + �21z + :::+ �

2
p+qz

p+q.

The asymptotic distributions in Proposition 1 for a given order of augmentation p shed light on the

performance of the HEGY statistics in the presence of MA innovations. In particular, (10) and (11)

make clear the presence of scale and shift e¤ects in relation to the usual Dickey-Fuller distribution, given

by A(j; j)=
p
D(j) (j = 0; 2), that applies for these statistics applied to a seasonal random walk with

�4xs� = �s� , while (12) and (13) show such e¤ects in relation to the distributions obtained by Burridge

and Taylor (2001) for t�3 and t�4 with AR innovations.

Initially we focus on (10) and (11) in the following Remark.

Remark 1 Noting that the seasonal unit root -1 has mirror image properties in relation to the zero

frequency unit root +1, the scale factors � (1) =
q
�(2)(1), � (�1) =

q
�(2)(1) and the numerators of the

shift terms, namely
Pq

k=0

Pq+p
l=1+k �k�l;

Pq
i=0

Pq+p
l=1+k (�1)

k+l
�k �l; in (10) and (11) are equivalent to
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the corresponding terms in Proposition 1 of Galbraith and Zinde-Walsh (1999). Following the same

arguments as in their Propositions 2 and 3, if p is such that p = O (� lnN), � > 0, then the scale factors

tend to one and the numerators of the shift factors to zero. Therefore, with p = O (� lnN), � > 0; then

t�j )
A (j; j)p
D (j)

j = 0; 2 (14)

which is the usual Dickey-Fuller distribution.

Now we turn attention to the t-ratio tests associated with the pair of complex conjugate unit roots

at frequency �=2.

Remark 2 The numerators of the shift factors in (12) and (13),
Pq

k=0

Pq+p
l=2+k �k�l cos [(l � (k � 2))�=2]

and
Pq

k=0

Pq+p
l=1+k �k�l sin [((l � k))�=2] respectively, are analogous to those of expressions (10), (11) and

Proposition 1 of Galbraith and Zinde-Walsh (1999), once the HEGY transformations (7) are taken into

account. Hence these terms also tend to zero if p is chosen such that p = O (� lnN), � > 0, then leading

to the asymptotic distributions:

t�3 )
p
�(i)�(�i)q
�(2)(1)

(
b� [A (3; 3) +A (4; 4)]� a�[A (4; 3)�A (3; 4)]p

D (3) +D (4)

)
(15)

t�4 )
p
�(i)�(�i)q
�(2)(1)

(
a� [A (3; 3) +A (4; 4)] + b�[A (3; 4)�A (4; 3)]p

D (3) +D (4)

)
: (16)

The distributions of (15) and (16) generalize those obtained by Burridge and Taylor (2003) for the HEGY

test in the presence of AR disturbances.

Hence, it is clear that the asymptotic distributions of the t-ratio statistics associated with the unit

roots at the zero and semi-annual frequencies, given by (14), remain pivotal if the order of augmentation is

allowed to grow at the corresponding rate to that proposed by Galbraith and Zinde-Walsh (1999) for the

non-seasonal case. But this is not the case for the t-ratio tests associated with the complex conjugate pair

of roots at the annual frequency, given by (15) and (16), as previously pointed out by Burridge and Taylor

(2001) for HEGY procedure in the presence of autoregressive serial correlation. These authors also �nd

that the F -type statistics F34, F 234 and F0234 remain pivotal in the AR case. Therefore, the following

remark examines the distribution of F -type HEGY tests in the presence of MA innovations when the

order of AR augmentation is allowed to grow at the rate proposed by Galbraith and Zinde-Walsh(1999).
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Remark 3 Let the order of augmentation grow at a rate p = O (� lnN), � > 0, then using (14), (15)

and (16) together with F34 ) (1=2)
h
(t�3)

2
+ (t�4)

2
i
, F234 ) (1=3)

h
(t�2)

2
+ (t�3)

2
+ (t�4)

2
i
and F0234 )

1=4
h
(t�0)

2
+ (t�2)

2
+ (t�3)

2
+ (t�4)

2
i
due to the asymptotic orthogonality of the HEGY regressors, it is

possible to write:

F34 ) 1

2

 
[A (3; 3) +A (4; 4)]

2
+ [A (4; 3)�A (3; 4)]2

D (3) +D (4)

!

F234 ) 1

3

 
A (2; 2)

2

D (2)
+
[A (3; 3) +A (4; 4)]

2
+ [A (4; 3)�A (3; 4)]2

D (3) +D (4)

!
(17)

F0234 ) 1

4

 
A (0; 0)

2

D (0)
+
A (2; 2)

2

D (2)
+

[A (3; 3) +A (4; 4)]
2
+ [A (4; 3)�A (3; 4)]2

D (3) +D (4)

!
:

These results follow since the de�nitions of (8) and (9) imply that b2� + a
2
� =

�
1
2 [� (i) + � (i)]

�2
+�

� i
2 [� (i)� � (i)]

�2
= � (i)� (�i) and the de�nition of �(z) implies � (i) � (�i)� (i)� (�i) = � (i)� (�i),

while, from the arguments of Galbraith and Zinde-Walsh (1999) in their Propositions 2 and 3, the

scale factor � (i)� (�i) =
�
1 +

Pp+q
j=1 �

2
j

�
tends to one when the order of augmentation grows at a rate

p = O (� lnN), � > 0.

Note that (17) implies that, as in Burridge and Taylor (2001), if the HEGY regression (6) is su¢ ciently

augmented, all F -type tests associated with the HEGY procedure remain pivotal.

Finally, Proposition 1 also shows that the OLS estimates of the AR augmentation coe¢ cients in (6)

converge to ��1
, which are functions of the moving average coe¢ cients in (1). Indeed, due to the

asymptotic orthogonality of the stationary and nonstationary components of the DGP (1), this is the

same expression as noted in Section 2 for approximating the invertible moving average component by a

stationary AR process.

4 Monte Carlo Analysis

From the arguments of Galbraith and Zinde-Walsh (1999, Proposition 3), it is clear that the speed of

convergence of the statistics to the asymptotic distributions derived in the previous section depend on

9



the maximum of the moduli of the inverses of the roots of the MA polynomial � (z). Therefore, in

common with Galbraith and Zinde-Walsh (1999) and del Barrio Castro and Osborn (2008), the order of

AR augmentation required to achieve limit distributions for the unit root statistics that are e¤ectively

free of nuisance parameters depends crucially on the possibility of near-cancellation of the MA roots with

the AR unit roots. In the case of HEGY-type seasonal unit root tests, this possible near-cancellation

applies in relation to the roots of the seasonal di¤erence operator �4. For a test statistic where near-

cancellation occurs, then a substantially higher order of augmentation is required than for a case where

no such cancellation applies.

This situation is illustrated in Figures 1 to 6, where we present the empirical distribution of the

t-ratios t�1and t�2 and the F -type statistic F34 in the presence of MA innovations for di¤erent orders

of augmentation in (6), together with the corresponding distributions when the innovations are white

noise. In addition, Table 1 presents �nite sample size results for testing the unit root null hypothesis

at the zero and each seasonal frequency (for quarterly data), for a nominal test size of 5%. The results

in the �gures and the table are based on 15,000 replications and a sample size of 400 observations,

corresponding to 100 years of data (four observations per year). In all cases the data are generated

from (1) with �s� � Nid(0; 1). In Figures 1 to 4 the innovation follows a MA(1) us� = �s� + �1�s�1;�

process with �1 = �0:8; so that these consider cases where the MA process is close to cancellation

with the unit roots �1 of �4. On the other hand, the innovations used for Figures 5 and 6 follow the

simple MA(2) us� = �s� + �2�s�2;� process with �2 = 0:8, corresponding to near-cancellation with the

complex pair of AR unit roots implied by 1 + L2, and �2 = �0:8; which is close to cancellation with

1 � L2 = (1 � L)(1 + L). In order to provide further insight into the role of AR approximations for

MA processes in the context of HEGY tests, the size results in Table 1 employ MA(1) processes with

�1 = �0:5; �0:8 and simple MA(2) processes with �2 = �0:5; �0:8, thus providing size comparisons for

a range of invertible and near-noninvertible cases. Following common empirical practice with seasonal

data, we consider AR augmentation orders in (6) that are multiples of the seasonal frequency, with

p = 4; 8; 12; 16.

Consider �rst the test for the zero frequency unit root using t�0 in the case of positively autocorrelated

MA(1) innovations. Table 1 suggests that the AR approximation works well when �1 = +0:5 and empirical
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size is good for an augmentation order of 4 or above. With stronger autocorrelation (�1 = +0:8), the

test is moderately undersized when p = 4, but performs well for p = 8; 12 or 16. For this DGP, Figure 1

con�rms that the augmentation order of 4 is su¢ cient for the empirical distribution of the test statistic

to provide a reasonable approximation overall to the asymptotic distribution that applies for white noise

us� in (1), namely the Dickey-Fuller distribution (the latter is labelled df in the �gure). Although the

MA process has near-cancellation with the AR root of -1, this root is not under test and hence the

near-cancellation is e¤ectively irrelevant. On the other hand, when the MA coe¢ cient is �1 = �0:8,

Figure 2 shows substantial distortion in the empirical distribution of t�0 with p = 4 compared with the

Dickey-Fuller distribution, with this distortion due to the scale and shift factors in (10). In particular, this

distribution is shifted to the left (compared with the Dickey-Fuller case) and is also �atter. As evident in

Table 1, this results in very substantial over-sizing of the zero frequency unit root test, with an empirical

size of around 30% for a nominal size of 5%, when this order of AR augmentation is applied. However, as

discussed in the previous section, for a su¢ ciently high order of augmentation, the distribution approaches

the Dickey-Fuller one, and a reasonable approximation results in Figure 2 when p = 12. As anticipated,

and as clearly evident in Table 1, over-sizing for this test is much less severe when �1 = �0:5, for which

p = 4 delivers a reasonable performance and the size is good for p = 8 or greater.

The situation is reversed when the HEGY statistic t�2 is considered, with all size results in Table 1 for

t�2 and given MA coe¢ cient �1 mirroring those for t�0 with MA coe¢ cient of the opposite sign. Thus,

severe oversizing results for t�2 in Table 1 when �1 = +0:8 and p = 4, due to the scale and shift e¤ects

for this case that are clearly evident in Figure 3, and which apply because the unit root �1 is now under

test. However, the empirical distribution of t�2 is well approximated by the asymptotic Dickey-Fuller one

in Figure 4 for the MA coe¢ cient �1 = �0:8, because no near-cancellation then applies at the (seasonal)

frequency under test.

Corresponding results apply for the joint test F34 of the complex pair of roots �i at the annual

frequency. In particular, there is no relevant near-cancellation across the seasonal AR roots of (1 + L2)

and the MA component us� = �s� +�2�s�2;� for negative �2, so that size for F34 is generally good in these

cases in Table 1, notwithstanding some over-sizing when p = 4. Figure 5 veri�es that this applies over

the whole distribution of F34; with a relatively low order of augmentation being su¢ cient to render this
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empirical distribution close to the corresponding asymptotic HEGY distribution (labelled f34). However,

severe size distortions apply in Table 1 for this statistic when us� = �s� + 0:8�s�2;� , which leads to near-

cancellation with the complex pair of unit roots under test, implying that the evidence for the presence

of these unit roots in the DGP is masked by the MA disturbance. Consequently, there is extreme size

distortion when p = 4, with empirical size of 50% in Table 1. This is evident also in Figure 6, where

the right-hand tail of the distribution of the test statistic is shifted upwards compared with the HEGY

distribution. Although higher orders of augmentation (illustrated by p = 8 and 12 in Figure 6) provide

better approximations to the true MA process, moving the asymptotic distribution of F34 towards the

corresponding HEGY one, augmentation by p = 16 is required for good size for this case in Table 1.

The patterns shown in Table 1 and Figures 1 to 6 also carry over to cases where the joint seasonal

unit root test statistics F234 and F0234 are employed. In particular, for MA processes with no root near

the noninvertibility boundary, the AR approximation employed in (6) can be anticipated to perform well

in practice for all HEGY test statistics. On the other hand, however, near-cancellation of the roots of the

MA polynomial � (z) with any (zero frequency or seasonal) unit root under test will lead to over-sizing

when a moderate order of AR augmentation, such as p = 4 or 8, is used. Nevertheless, for a su¢ ciently

high order of augmentation, tests based on the HEGY speci�cation (6) will perform well.

5 Conclusions

This paper extends the analysis of the seasonal unit root tests of Hylleberg et al. (1990) to the case where

the disturbances are generated by a moving average process. In particular, we derive the asymptotic null

distributions of tests for unit roots at the zero and seasonal frequencies in a quarterly process when

autoregressive augmentation is applied but the disturbances have a moving average form. We show that,

provided that the regression is su¢ ciently augmented and that the F -type form is used for tests at the

semi-annual frequency, the distributions tabulated by Hylleberg et al. (1990) continue to apply. Not

surprisingly, however, if the order of augmentation is taken as some �xed value, then the distributions

contain scale and shift factors in relation to the presumed distributions, with these factors being functions

of the moving average coe¢ cients and the order of augmentation applied. These results are analogous to

those of Galbraith and Zinde-Walsh (1999), who study the conventional ADF test statistic in the presence

12



of moving average disturbances, and del Barrio Castro and Osborn (2008), who derive the distributions

of HEGY seasonal unit root tests when the process is periodically integrated.

This paper also establishes that, as in Burridge and Taylor (2001), the t-type statistics associated

with the zero and annual frequencies together with all joint F -type statistics commonly applied to test

seasonal unit roots in quarterly data, remain pivotal, provided they are su¢ ciently augmented. On

the other hand, however, the distributions of the t-type tests associated with the pair of complex unit

roots at the semi-annual frequency depend, in a non trivial manner, on nuisance parameters. These

theoretical results are supported by a Monte Carlo analysis of the �nite sample properties of the pivotal

test statistics, which shows that high orders of AR augmentation can be required to render the empirical

distributions close to the asymptotic HEGY ones when disturbances are of the MA form. Indeed, when

near-cancellation applies between an MA root and a (zero or seasonal) unit root, the required order of

augmentation can be very substantially greater than the default four lags often used by practitioners for

quarterly data. When low augmentation orders (such as p = 4) are employed, the test statistics can be

badly over-sized.

Although our results in (10) to (17) do not consider the inclusion of deterministic terms (such as

seasonal dummies or linear trend) in the HEGY regression, our results could be easily extended to this

situation. More speci�cally, with the inclusion of seasonal dummies or seasonal dummies and a linear trend

our results will carry over when expressed using demeaned and de-trended Brownian motions. Further,

as shown by Smith and Taylor (1998), the inclusion of seasonal dummies in the HEGY regression makes

the test statistics invariant to starting values, while seasonal trends further provide invariance to seasonal

drifts; these results apply also in our case.
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6 Appendix

Proof of Proposition 1

Due to the nonstationarity of the HEGY variables x(0)s� , x
(2)
s� , x

(3)
s� and x(4)s� on the one hand and the

stationarity of �4xs� on the other, the coe¢ cients associated with these two sets of regressors converge

at di¤erent rates when (6) is estimated. To re�ect this, de�ne the (4 + p)� (4 + p) scaling matrix M as:

M = diag
h
4N; 4N; 4N; 4N; (4N)

1=2
; : : : ; (4N)

1=2
i
;

It is straightforward to see that the scaled OLS estimators for the HEGY regression (6) can then be

expressed as "
4N �̂

(4N)
1=2
�̂

#

=

"
(4N)

�2X
(Y

(NS)
s� )(Y

(NS)
s� )0 (4N)

�3=2X
Y
(NS)
s� (Y

(S)
s� )0

(4N)
�3=2X

(Y
(S)
s� )0Y

(NS)
s� (4N)

�1X
Y
(S)
s� (Y

(S)
s� )0

#�1

�
"
(4N)

�1X
Y
(NS)
s� �4xs�

(4N)
�1=2X

Y
(S)
s� �4xs�

#
(18)

where

�̂ = [�̂0; �̂2; �̂3; �̂4]
0; Y (NS)s� = [x(0)s� ; x

(2)
s� ; x

(3)
s� ; x

(4)
s� ]

0 ;

�̂(p) = [b�1; � � � ; b�p] ; Y (S)s� = [�4xs�1;� ; � � � ;�4xs�p;� ]0

and the summations in (18) are over all observations, s = 1; 2; 3; 4 and � = 1; 2; :::; N .

Note that because of the nonstationary nature of the elements of Y (NS)s� and the stationarity of Y (S)s� it

follows that (4N)�3=2
X

Y
(NS)
s� (Y

(S)
s� )0

p�! 0 (where
p�! denotes convergence in probability) and hence

the inverse matrix of (18) is block diagonal. Consequently, the scaled estimators 4N�̂ and (4N)1=2 �̂(p)

are asymptotically orthogonal. A straightforward consequence of this block diagonality is that �̂ =

[
P
Y
(S)
s� (Y

(S)
s� )0=4N ]�1

P
Y
(S)
s� �4xs�=4N ! � = ��1
 (see also del Barrio Castro and Osborn, 2007).

Further note that (4N)�2
X
(Y

(NS)
s� )(Y

(NS)
s� )0 is a 4� 4 diagonal matrix due to the orthogonality of

the nonstationary HEGY variables and hence their asymptotic distributions can be considered separately.

To obtain the distribution of t�j in (10), (11), (12) and (13), consider �rst the normalized bias statistics,

which can be expressed as:

(4N) b�j = (4N)
�1
Y (j)0Q�4Y

(4N)
�2
X(j)0QY (i)

+ op(1); j = 0; 2; 3; 4 (19)
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where Y (j) and �4Y are 4N �1 vectors with generic elements x(j)s� (j = 0; 2; 3; 4) and �4xs� respectively,

and Q is the 4N � 4N matrix Q = I � Z (Z 0Z)�1 Z 0 where the columns of Z have generic elements

�4xs�1;� ; � � � ;�4xs�p;� .

In an analogous way to Phillips and Ouliaris (1990), it is possible to write

(4N)
�2
Y (j)0QY (j) = (4N)

�2
Y (j)0Y (j) + op (1)

= (4N)�1
NX
�=1

4X
s=1

�
x(j)s�

�2
+ op (1) :

Also,

(4N)
�1
Y (j)0Q�4Y = (4N)

�1
Y (j)0QE�

= (4N)
�1
Y (j)0E� + op (1)

where E� is a 4N � 1 vector with generic element es� . Due to the MA structure of us� in the DGP (1),

es� in (6) is serially correlated, with

(4N)
�1
Y (j)0E� = (4N)�1

NX
s=1

4X
s=1

x(j)s� es�

= (4N)
�1

NX
�=1

4X
s=1

x(j)s�
�
�s� + �1�s�1;� + � � �+ �q+p�s�(q+p);�

�
:

Substituting from these expressions into (19), we obtain:

(4N) b�j = (4N)
�1PN

�=1

P4
s=1 x

(i)
s�

�
�s� + � � �+ �q+p�s�(q+p);�

�
(4N)

�2PN
�=1

P4
s=1

�
x
(i)
s�

�2 + op(1); j = 0; 2; 3; 4: (20)

In order to obtain the requiered results we de�ne the following circulant matrices C0 = circ [1; 1; 1; 1],

C2 = circ [1;�1; 1;�1], C3 = circ [1; 0;�1; 0] and C4 = circ [0; 1; 0;�1] that are discused in Osborn

and Rodrigues (2002). These circulant matrices Cj (j = 0; 2; 3; 4) satisfy �(1)0 C0�(1) = � (1)
2
C0,

�(1)
0
C2�(1) = � (�1)2 C2 and�(1)0 C3�(1) =

�
a2 + b2

�
C3 = � (i) � (�i)C3 where a = � i

2 [� (i)� � (�i)] ;

b = 1
2 [� (i)+� (�i)] and i =

p
�1 (see also Osborn and Rodrigues, 2002 and del Barrio Castro and Osborn,
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2008). Using (5), the denominator of (20) is given by

(4N)
�2

NX
�=1

4X
s=1

�
x(j)s�

�2
= (4N)

�2
NX
�=1

4
�
X 0
��1CjX��1

�
+ op (1) j = 0; 2

) �2

4

Z
W (r)

0
�(1)

0
Cj �(1)W (r) dr

=

�
�2� (1)

2 R
W � (r)

0
C0W

� (r) dr j = 0

�2� (�1)2
R
W � (r)

0
C2W

� (r) dr j = 2
(21)

(4N)
�2

NX
�=1

4X
s=1

�
x(j)s�

�2
= (4N)

�2
NX
�=1

2
�
X 0
��1C3X��1

�
+ op (1) j = 3; 4

) �2

8

Z
W (r)

0
�(1)

0
C3�(1)W (r) dr

=
�2� (i) � (�i)

4

Z
W y (r)

0
C3W

y (r) dr: (22)

where W �(r) = (1=2)W (r) and W y(r) = (1=
p
2)W (r):

Turning to the numerator of (20), it is easy to see that

(4N)
�1

NX
�=1

4X
s=1

x(j)s� �s� = (4N)
�1

NX
�=1

X 0
��1CjE� + op (1) ; j = 0; 2; 3; 4

where E� = [�1� ; �2� ; �3� ; �4� ]
0
: Using (5) and the identities �(1)0 C0 = � (1)C0, �(1)

0
C2 = � (�1)C2,

�(1)
0
C3 = bC3 � aC4 and �(1)0 C4 = aC3 + bC4; it follows that

(4N)
�1

NX
�=1

4X
s=1

x(0)s� �s� ) �2

4

Z
W (r)

0
�(1)

0
C0dW (r)

= �2� (1)

Z
W � (r)

0
C0dW

� (r) (23)

(4N)
�1

NX
�=1

4X
s=1

x(2)s� �s� ) �2

4

Z
W (r)

0
�(1)

0
C2dW (r)

= �2� (�1)
Z
W � (r)

0
C2dW

� (r) (24)

(4N)
�1

NX
�=1

4X
s=1

x(3)s� �s� ) �2

4

Z
W (r)

0
�(1)

0
C3dW (r)

=
�2b

2

Z
W y (r)

0
C3dW

y (r)� �
2a

2

Z
W y (r)

0
C4dW

y (r) (25)

(4N)
�1

NX
�=1

4X
s=1

x(4)s� �s� ) �2

4

Z
W (r)

0
�(1)

0
C4dW (r)

=
�2a

2

Z
W y (r)

0
C3dW

y (r) +
�2b

2

Z
W y (r)

0
C4dW

y (r) : (26)
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Now, from the de�nition of the auxiliary HEGY variables x(0)s� and x
(2)
s� in (7), we have

x(0)s� �s�i;� =
h
x
(0)
s�1;� +�4xs�1;�

i
�s�i;�

=

"
x
(0)
s0� 0 +

i�1X
k=0

�4xs0+k;� 0

#
�s0� 0 i > 0

x(2)s� �s�i;� =
h
�x(2)s�1;� ��4xs�1;�

i
�s�i;�

=

"
(�1)i x(2)s0� 0 +

i�1X
k=0

(�1)k+i�4xs0+k;� 0
#
�s0� 0 i > 0

where s0 and � 0 indicate the quarter and year (respectively) to which �s�i;� refers. Hence, using (23) and

(24), it is relatively straightforward to see that

(4N)
�1

NX
�=1

4X
s=1

x(0)s� �s�i;� = (4N)
�1

N 0X
� 0=1

4X
s0=1

 
x
(0)
s0� 0�s0� 0 +

i�1X
k=0

�4xs0+k;� 0�s0� 0

!
; i = 1; 2; :::

) �2� (1)

Z
W � (r)

0
C0dW

� (r) + �2
i�1X
k=0

�k (27)

(4N)
�1

NX
�=1

4X
s=1

x(2)s� �s�i;� = (�1)i (4N)�1
N 0X
� 0=1

4X
s0=1

 
x
(2)
s0� 0�s0� 0 +

i�1X
k=0

(�1)k�4xs0+k;� 0�s0� 0
!

) (�1)i �2� (�1)
Z
W � (r)

0
C2dW

� (r) + �2
i�1X
k=0

(�1)k+i �k: (28)

Noting that es� =
�
�s� + �1�s�1;� + � � �+ �q+p�s�(q+p);�

�
, it follows from (27) and (28) that

(4N)
�1

NX
�=1

4X
s=1

x(0)s� es� ) �2� (1)� (1)

Z
W � (r)

0
C0dW

� (r)

+�2
qX

k=0

p+qX
l=k+1

�k�l (29)

(4N)
�1

NX
�=1

4X
s=1

x(2)s� es� ) �2� (�1)� (�1)
Z
W � (r)

0
C2dW

� (r)

+�2
qX

k=0

p+qX
l=k+1

(�1)k �k (�1)l �l: (30)

Finally, using (21), (29) and (30), the distributions of the normalized bias statistics (4N) b�0 and (4N) b�2
are easily obtained as

(4N) b�0 )
� (1) � (1)

R
W � (r)

0
C0dW

� (r) +
Pq

k=0

Pp+q
l=k+1 �k�l

� (1)
2 R
W � (r)

0
C0W � (r) dr

(31)

(4N) b�2 ) � (�1)
R
W � (r)

0
C2dW

� (r)

� (�1)
R
W � (r)

0
C2W � (r) dr

+

Pq
k=0

Pp+q
l=k+1 (�1)

k
�k (�1)l �l

� (�1)2
R
W � (r)

0
C2W � (r) dr

: (32)
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Now for (4N) b�3 and (4N) b�4, note �rst that the relationship between x(3)s� and x(4)s� , implies that

x
(3)
s� = x

(4)
s�1;� = �x(3)s�2;� � �4xs�2;� . Hence using the de�nition of the HEGY auxiliary variables x(3)s�

and x(4)s� in (7), it is possible to write:

(4N)
�1

NX
�=1

4X
s=1

x(3)s� �s�i;� = (�1)
i
2 (4N)

�1
NX
�=1

4X
s=1

�
x
(3)
s0;� �s0� 0

+

(i=2)�1X
k=0

(�1)k�4xs0+2k;� 0�s0� 0

1A i even

) (�1)
i
2
�2

2

�
b

Z
W y (r)

0
C3dW

y (r)� a
Z
W y (r)

0
C4dW

y (r)

�

+

(i=2)�1X
k=0

(�1)k+(
i
2 ) �k�

2 (33)

(4N)
�1

NX
�=1

4X
s=1

x(3)s� �s�i;� = (�1)
(i�1)
2 (4N)

�1
NX
�=1

4X
s=1

�
x
(3)
s0;� 0�s0+1;� 0 +

+

[(i�1)=2]�1X
k=0

(�1)k�4xs0+2k;� 0�s0+1;� 0

1A i odd

) (�1)
(i�1)
2
�2

2

�
a

Z
W y (r)

0
C3dW

y (r) + b

Z
W y (r)

0
C4dW

y (r)

�

+

[(i�1)=2]�1X
k=0

(�1)k+(i�1)=2 �k+1�2 (34)

Using (25), (26), (33), (34) and x(3)s� = x
(4)
s�1;� = �x(3)s�2;� � �4xs�2;� , the numerators of (4N) b�3 and

(4N) b�4 become
(4N)

�1
NX
�=1

4X
s=1

x(3)s� es� ) �2� (i) � (�i)
2

8<:
0@1� [p=2]X

k=1

(�1)k �2k

1AZ W y (r)
0
C3dW

y (r)

�

0@[(p+1)=2]X
k=1

(�1)k+1 �2k�1

1AZ W y (r)
0
C4dW

y (r)

9=;
��2

qX
k=0

q+pX
l=k+2

�k cos [(l � (k � 2))�=2]�l (35)

(4N)
�1

NX
�=1

4X
s=1

x(4)s� es� ) �2� (i) � (�i)
2

8<:
0@[(p+1)=2]X

k=1

(�1)k+1 �2k�1

1AZ W y (r)
0
C3dW

y (r)

+

0@1� [p=2]X
k=1

(�1)k �2k

1AZ W y (r)
0
C4dW

y (r)

9=;
��2

qX
k=0

q+pX
l=k+1

�k sin [((l � i))�=2]�l: (36)
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where we have used the identities

� (i) � (�i) = a2 + b2

�
a2 + b2

�0@1� [p=2]X
k=1

(�1)k �2k

1A = (b+ �1a� �2b� �3a+ �4b+ �5a� �6b� �7a+ � � � )

�
a2 + b2

�0@[(p+1)=2]X
k=1

(�1)k+1 �2k�1

1A = (a� �1b� �2a+ �3b+ �4a� �5b� �6a+ �7b+ � � � ) :

Hence from (35), (36) and (22) it is possible to obtain the asymptotic distributions of (4N) b�3 and
(4N) b�4 as

(4N) b�3 )

�
1�

P[p=2]
k=1 (�1)

k
�2k

� R
W y (r)

0
C3dW

y (r)

1
2

R
W y (r)

0
C3W y (r) dr

�

�P[(p+1)=2]
k=1 (�1)k+1 �2k�1

� R
W y (r)

0
C4dW

y (r)

1
2

R
W y (r)

0
C3W y (r) dr

�
Pq

k=0 �k
Pq+p

l=k+2 cos [(l � (k � 2))�=2]
�(i)�(�i)

4

R
W y (r)

0
C3W y (r) dr

(37)

(4N) b�4 )

�P[(p+1)=2]
k=1 (�1)k+1 �2k�1

� R
W y (r)

0
C3dW

y (r)

1
2

R
W y (r)

0
C3W y (r) dr:

+

�
1�

P[p=2]
k=1 (�1)

k
�2k

� R
W y (r)

0
C4dW

y (r)

1
2

R
W y (r)

0
C3W y (r) dr:

�
�2
Pq

k=0 �k
Pq+p

l=k+1 sin [((l � k))�=2]
�(i)�(�i)

4

R
W y (r)

0
C3W y (r) dr

: (38)

Finally note that from (31), (32), (37) and (38), it is possible to establish that (4N) b�j = Op (1) for
j = 0, 2, 3 and 4, hence b�j = op (1) : Since, from (6), es� = �4xs� �

Pp
j=1 �j�xs�j;� = � (L) �s� under

the SI(1) null hypothesis, then �̂2 ! �2
�
1 +

Pp+q
j=1 �

2
j

�
. Using

t�j = �̂
�1 (4N) b�i �

vuut(4N)�2 NX
�=1

4X
s=1

�
x
(j)
s�

�2
+ op(1) j = 0; 2; 3; 4 (39)

these results in conjunction with (31), (32), (37), (38), (21) and (22) yield the asymptotic distributions

of Proposition 1. In particular, note that the ranks of C0, C2 and C3, C4 are one and two respectively,

and we can write:
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C0 = v0v
0
0 C2 = v2v

0
2 C3 = v3v

0
3 C4 = v3v

0
4

v00 =
�
1 1 1 1

�
v02 =

�
�1 1 �1 1

�
v03 =

�
0 �1 0 1
1 0 �1 0

�
v04 =

�
�1 0 1 0
0 �1 0 1

�
w0 (r) = v00W

� (r) =
1

2
v00W (r) =

1p
4

4X
i=1

Wi (r) (40)

w2 (r) = v02W (r) =
1

2
v02W (r) =

1p
4

4X
i=1

(�1)iWi (r)

v03W
y(r) =

1p
2

�
W4 (r)�W2 (r)
W1 (r)�W3 (r)

�
=

�
w3 (r)
w4 (r)

�
v04W

y(r) =
1p
2

�
W3 (r)�W1 (r)
W4 (r)�W2 (r)

�
=

�
�w4 (r)
w3 (r)

�
:

WithWi (r) as the ith element of the 4�1 vector Brownian motionW (r) ; (40) de�nes wi (r) i = 0; 2; 3; 4

as the mutually independent univariate standard Brownian motions of Proposition 1, obtained as mutually

orthogonal transformations of W (r) : The results in Proposition 1 then follow, by using the functionals

A(i; j) =
R
wi(r)dwj(r) (i; j = 0; 2; 3; 4) and D(i) =

R
[wi(r)]

2dr (i = 0; 2; 3; 4), together with the

de�nitions of (8) and (9).
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Table 1. Empirical size of HEGY unit root test statistics.

DGP HEGY Test AR Augmentation (p)
Statistic MA polynomial 4 8 12 16
t0 1 + 0:5L 0.0451 0.0478 0.0474 0.0463

1 + 0:8L 0.0349 0.0431 0.0438 0.0437
1� 0:5L 0.0613 0.0485 0.0484 0.0467
1� 0:8L 0.3009 0.1164 0.0686 0.0533

t2 1 + 0:5L 0.0605 0.0475 0.0445 0.0439
1 + 0:8L 0.3063 0.1172 0.0705 0.0541
1� 0:5L 0.0460 0.0470 0.0481 0.0465
1� 0:8L 0.0329 0.0411 0.0466 0.0463

F34 1 + 0:5L2 0.0645 0.0490 0.0471 0.0489
1 + 0:8L2 0.5006 0.2022 0.0952 0.0561
1� 0:5L2 0.0559 0.0508 0.0508 0.0495
1� 0:8L2 0.0644 0.0555 0.0507 0.0472

Notes: values shown are the empirical sizes for the HEGY unit root test statistics for

AR augmentation orders p = 4; 8; 12; 16 in (6) when the true process is given by (1) with

MA polynomial �(L) as indicated. All quoted results are based on 15; 000 replications for a

nominal test size of 0.05, with S = 4; N = 100, and hence total observations T = 400. The

critical values used in these calulations are �1:934 for t0 and t2, and 3:106 for F34, which have

been obtained for T = 400 using white noise us� in (1) and 100; 000 replications.
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Figure 1: Empirical distribution of t�0 for �(L) = 1 + :8L when p = 4 and 8:

Figure 2: Empirical distribution of t�0 for �(L) = 1� :8L when p = 4, 8 and 12:
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Figure 3: Empirical distribution of t�2 for �(L) = 1 + :8L when p = 4; 8 and 12:

Figure 4: Empirical distribution of t�2 for �(L) = 1� :8L when p = 4 and 8:
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Figure 5: Empirical distribution of F34 for �(L) = 1� :8L2 when p = 4 and 8:

Figure 6: Empirical distribution of F34 for �(L) = 1 + :8L2 when p = 4, 8 and 12:
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